Introduction
Define the second-order linear sequences {U n } and {V n } for n ≥ 2 by U n = pU n−1 + U n−2 , U 0 = 0, U 1 = 1,
The Binet forms are
with q = β/α = −α −2 , so that α = i/ √ q .
(or equivalently q = (1− √ 5 )/(1+ √ 5 ) ), the sequence {U n } is reduced to the Fibonacci sequence {F n } and the sequence {V n } is reduced to the Lucas sequence {L n } .
Throughout this paper we will use the following notations: the q -Pochhammer symbol (x; q) n = (1 − When z = q, we denote (q; q) n by (q) n .
Furthermore, we will use generalized Fibonomial coefficients { n k
, where U n is the n th generalized Fibonacci number.
When U n = F n , the generalized Fibonomial coefficients are reduced to the Fibonomial coefficients denoted by
The link between the generalized Fibonomial and Gaussian q -binomial coefficients is
Furthermore, we will use generalized Lucanomial coefficients
, where V n is the nth generalized Lucas number.
When V n = L n , the generalized Lucanomial coefficients are reduced to the Lucanomial coefficients
The link between the generalized Lucanomial and Gaussian q -binomial coefficients is
Recently Kılıç and Prodinger [3, 4] computed various sums including Gaussian q -binomial coefficients with certain rational weight functions. A typical example from [4] is
From [3] , recall that for any positive integer w , any nonzero real number a, nonnegative integer n, and integers t and r such that t + n ≥ 0 and r ≥ −1 ,
In [5] , Kılıç and Prodinger evaluated
in closed form where r i and λ i ≥ 1 are integers. The authors give a systematic approach to compute these sums. For example, it was shown that for nonnegative n ,
where ∆ = p 2 + 4.
Marques and Trojovsky [6] provided various sums including Fibonomial coefficients and Fibonacci and Lucas numbers. For example, for positive integers m and n, they showed that
Recently the generalized Fibonomial coefficients have attracted the interest of several authors. For their properties, we refer to [1, 2, [6] [7] [8] .
In this paper we will compute three types of sums involving products of the Gaussian q -binomial coefficients. They are of the following forms: for any real number a
Then we will present interesting applications of our results to generalized Fibonomial and Lucanomial sums.
The main results
We start with the first kind of sums:
Theorem 1 For any real a and n
] .
Proof Rewrite the LHS as
Then the partial fraction expansion reads
If we multiply this by z and then let z → ∞, then we get
where
] ,
As a consequence of the result above, we have the following corollaries:
Proof If we convert the claimed identity into q -notation, it takes the form
) .
, the result follows by taking a = q −rn−m in Theorem 2.1.
Corollary 2
For n ≥ 0 , all integers r and m,
Proof If we convert the claim into q -form, then we should prove
Rewrite the LHS as
then the result follows by taking a = q nr+m in Theorem 2.1. 2
Corollary 3
Proof If we convert the claimed identity into q -form, then we need to prove
Rewrite its LHS as
Now the result follows by taking a = −q −nr−m in Theorem 2.1. 2
Corollary 4 For n ≥ 0 , all integers r and m,
Proof In q -form, we have to prove the identity
The result follows again by taking a = −q nr+m in Theorem 2.1. 2
Theorem 2 For n ≥ 0 and any real a,
which we rewrite as
Now define
A(z) := (z − q) . . . (z − q n ) (1 − z)(1 − zq) . . . (1 − zq n ) 1 z − a .
The partial fraction decomposition of A(z) takes the form
Now we multiply this relation by z and then let z → ∞ and obtain
which gives us the equation
which completes the proof. 2
Proof In q -form, we have to prove the corresponding identity:
Consider its LHS as
which, by taking a = q −(n+m) in Theorem 2.6, equals
Corollary 6
For n > 0 and m ≥ 1,
Proof We have to prove the corresponding identity in q -form:
If we take a = −q −n−m in Theorem 2.6, the claimed result follows after some rearrangements. 2
Proof We should prove the corresponding identity in q -form:
Consider its LHS as
which, by taking a = −q m−n in Theorem 2.6, equals
Theorem 3
For n > 0 , any reals a and b,
Proof We rewrite the LHS of the claim as
If we multiply this by z and then let z → ∞, we find 
Thus we get
